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Abstract

A major source of fan broadband noise is the interaction of rotor wake turbulence with the fan outlet
guide vanes. A broadband noise model that utilizes computed rotor flow turbulence from a Reynolds
averaged Navier–Stokes code is used to predict fan broadband noise spectra. The noise model is employed
to examine the broadband noise characteristics of the 22-in source diagnostic test fan rig for which
broadband noise data were obtained in wind tunnel tests at the NASA Glenn Research Center. A 9-case
matrix of three outlet guide vane configurations at three representative fan tip speeds are considered. For all
cases inlet and exhaust spectra of acoustic power are computed and compared with the measured spectra
where possible. The acoustic power levels and shape of the predicted spectra are in good agreement with the
measured data for the fan exhaust duct radiation at approach condition where direct comparisons are
possible. The predicted spectra show the experimentally observed trends with fan tip speed, vane count and
vane sweep. The results also demonstrate the validity of using computational fluid dynamics based
turbulence information for fan broadband noise calculations.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Owing to the success of fan tone noise reduction techniques [1], fan broadband noise is now
widely acknowledged as the next major obstacle to be overcome in attempts to reduce aircraft
engine noise. But, unlike tone noise the sources of fan broadband noise are many and most are not
see front matter r 2004 Elsevier Ltd. All rights reserved.
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as well understood. In response to this challenge a number of theories [2–5] have been devised to
help elucidate the nature and characteristics of fan broadband noise. These theories require flow
turbulence characteristics (i.e., spectrum, intensity, length scales, etc.) as input for computing
noise spectra. Typically, such information is available from experiments [6,7] or is simply guessed
at to provide the best fit of the predicted noise spectra to the measured ones. An alternative
approach is to compute the turbulence characteristics using a Reynolds averaged Navier–Stokes
(RANS) type calculation, since that would provide a true prediction capability.

This paper presents one such attempt that combines predicted flow turbulence characteristics
obtained from a turbomachinery computational fluid dynamics (CFD) code with a fan broadband
noise theory to compute fan noise spectra. The flow code called APNASA [8], is a three-
dimensional Navier–Stokes solver with an improved k–� turbulence model [9]. The fan broadband
noise code is a revised and enhanced version of an analytical noise prediction theory originally
developed by Ventres et al. [10]. The testbed is a 1

5
-scale model of a representative high bypass ratio

turbofan engine for which extensive aerodynamic and acoustic data were obtained [11–13]. Only
the broadband noise produced by the interaction of fan wake turbulence with the stator outlet
guide vanes (OGV) will be considered here. The data theory comparisons will be done on an
acoustic power basis since the noise theory furnishes acoustic power predictions only.

The 22-in diameter model fan was tested in the NASA Glenn Research Center’s 90 � 150

acoustic wind tunnel. The fan has 22 blades and a design tip speed of 1215 ft/s. The baseline OGV
has 54 radial vanes and represents a conventional ‘‘cut-off’’ stator design (i.e., the blade passing
frequency is cut-off). The low-count OGV is a ‘‘cut-on’’ concept, which has only 26 radial vanes
but has the same solidity as the baseline stator. The smaller vane count was selected to reduce
broadband noise [14]. The swept OGV has 26 swept vanes (with 30� sweep) and was designed to
minimize the blade passing frequency tone penalty associated with a cut-on design. The sketches
of the fan stages along with the photographs of the partially assembled fan stages are shown in
Fig. 1.

The aerodynamic and acoustic tests were conducted over a wide range of fan operating
conditions for each of the three OGV packs. For the purposes of the current work, however, only
the speeds corresponding to the noise certification points (approach, cutback, and takeoff) will be
discussed. The relevant fan operating conditions are listed in Table 1.

In what follows, a summary of the analysis tools used in this work will be presented followed by
a discussion on theoretical results and their comparison with measured data (where possible). The
paper concludes with a summary of important results.
2. Analysis

The input for the noise prediction was generated by means of a series of CFD simulations of the
fan rotor coupled with the fan outlet guide vane. The code used to generate the fan flow field is
APNASA (see Ref. [8]), which solves for the time-average flow field in a typical passage of a blade
row embedded within a multistage turbomachine. The simulations are three-dimensional and
include the effect of viscosity. A modified k–� turbulence model (see Ref. [9]) was used to account
for the effect of turbulence mixing.
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Fig. 1. Photographs of partially assembled fan stages and corresponding sketches: (a) baseline: 54 radial vanes, (b) low

count: 26 radial vanes, (c) low noise: 26 swept vanes.
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Table 1

Fan operating conditions of interest

Power Corrected Corrected fan

setting fan rpm (rev/min) tip speed (fps)

Approach 7808 750

Cutback 11,074 1060

Takeoff 12,656 1215

M. Nallasamy, E. Envia / Journal of Sound and Vibration 282 (2005) 649–678652
To do the CFD simulation, first it is necessary to establish the fan rotor geometry at test
conditions, since fan rotors untwist as they are run-up in rotational speed. It is well known that
the effect of rotation on fan rotor shape has significant impact on aerodynamic performance. In
addition, the operating conditions considered here (see Table 1) include both design and off-
design conditions, involving a wide range in fan rotational speed. Hence, at each rotational speed
in Table 1, the fan rotor blade running (or hot) shape is established using a coupled aero/
structural analysis system [15].

The system starts with the manufactured blade shape (or the cold shape) and a specified fan
rotor rpm, and iterates between the structural and aerodynamic sections of the coupled system.
Output from the structural analysis is post-processed to generate a flow field grid for the CFD
simulation. The output of the CFD simulation is post-processed to find the aerodynamic load on
the rotor blade. This information is supplied to the structural analysis system to update the
structural analysis inputs. This cycle is repeated until convergence (i.e., no significant change in
fan rotor geometry) is obtained. Upon convergence, the fan rotor blade running (hot) shape is
established along with its flow field. The rotor blade shape thus obtained accounts for both
centrifugal loading and aerodynamic loading on the blade.

2.1. Rotor wake flow field

A typical example of the CFD results of the rotor flow field for the baseline, 54 radial vane fan
stage configuration compared to the laser Doppler velocimetry (LDV) data at the takeoff
condition (where direct one to one comparison is possible (see Refs. [6,7])) is presented in Fig. 2.
(This solution was obtained with a CFD grid having 407 grid cells in the axial direction, 51 grid
cells in the radial direction and 51 grid cells in the azimuthal direction.) The plots show the
comparisons for an axial location 2 in downstream of the rotor trailing edge (at the tip). The time-
averaged axial velocity contours are shown in these figures. The contours depict average passage
results, with the average passage data duplicated circumferentially to provide a better view of the
flow. (In this view, the rotor blades rotate clockwise.) The rotor wake structure obtained from the
CFD solution is in excellent agreement with the LDV data. Note that the agreement extends over
the entire span including the hub and tip regions.

The turbulence intensity and length scales derived from the CFD simulations at the stator
leading edge were used to prescribe the wake turbulence field impinging on the outlet guide vane.
This information and the time average flow field of the outlet guide vane formed the input to the
acoustic predictions. It should be noted that the input was used ‘‘as is’’ and no adjustments were
made to the input to achieve a better agreement with data.
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Fig. 2. Comparison of (a) experimental and (b) CFD results for the baseline configuration at takeoff at 2 in behind the

rotor: axial velocity.
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2.2. Rotor wake turbulence noise model

The rotor–stator broadband noise prediction model used for this study is based on a theory
developed by Ventres et al. [10]. However, significant enhancements were made to the original
theory and a new code was written to take full advantage of the flow turbulence information
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available from the RANS solutions. The salient features of the modified model are briefly
described below.

Predicated on a modal description of the noise field inside the fan duct, the theoretical model
ultimately relates the spectral density of the duct modes to the spectral density of the incident
turbulence. As an intermediate step, the unsteady pressure distribution on the stator is tied to the
incident turbulence at each frequency o ¼ 2pf : This is done on a strip-wise basis assuming that
turbulence is locally isotropic at each radius with its statistics parametrically dependent on the
radius. The resulting distribution of stator unsteady pressure is then related to the duct mode
amplitude via the Green’s function formulation [10]. The end results can be written (in short-hand
notation) as

hjpmnðoÞj
2i ¼

Z rT

rH

jCmnðr;oÞj2c
2
mðkmnrÞFðr;oÞdr; (1)

where hjpmnðoÞj
2i is the spectral density of duct mode pressure, Cmn is the chordwise integral of the

stator unsteady pressure at each radius, and cm is the annular duct mode shape. rH is the hub
radius and rT is the tip radius. The chordwise integral Cmn is expressed as

Cmnðr;oÞ ¼
1

b

Z b


b

f ðr; z; k;oÞeimz dz;

where m ¼ gmn cosðaÞ 
 ðm=rÞ sinðaÞ; gmn the wavenumber in the x direction of the mn mode, m

representing the circumferential order and n the radial order, a the vane stagger angle, z the
chordwise variable, o the radian frequency, k the wavenumber vector, and b the vane semi-chord.

The elemental loading function, f, depends only parametrically on the radius, r, and is the same
on each vane. In other words, a spanwise array of 2-D unsteady pressure fields is coupled to a 3-D
duct acoustic field.

The annular duct normal mode shape function is given by

cmðkmnrÞ ¼ ½AJmðkmnrÞ þ BY mðkmnrÞ
;

where kmn is the eigenvalues of annular duct modes, Jm;Y m are the Bessel functions of the first
and second kind, respectively, and A and B are constants.

The function F represents the spectral density function of the incident turbulence given by
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In this expression, it is assumed that the auto-correlation function of the rotor wake turbulence is
approximated as a product of three functions each which depends only on one variable. This is
done to enable the use of experimental or computed (as in the present paper) data to select an
appropriate correlation function. The correlation function assumed is with the corresponding
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integral length scales in the three principal directions,

fðx;DrÞ ¼ f1ðx1=L1Þf2ðx2=L2ÞfrðDr=LrÞ:

Further, it is assumed that the radial integral scales are small, and the integral over Dr is
approximated by the infinite integralZ

frðDr=LrÞdðDrÞ ¼ Lr:

This is further discussed below and in Appendix A where a complete derivation of the noise model
is given.

In deriving Eq. (2), it is assumed that the rms turbulence intensity distribution consists of two
parts. One is a constant background turbulence level representing the circumferentially averaged
intensity of turbulence that is ingested by the fan. The other is a Gaussian distribution
representing the turbulence intensity variations within the individual rotor blade wakes. The sum
of the two contributions denotes the rms rotor turbulence level u0 given by

u0ðrÞ ¼ u0
bðrÞ þ u0

wðrÞe

x2=L2

w ; (3)

where x is along the pitchwise direction measured normal wake centerline and Lw denotes the
width of the Gaussian profile which is a function of radius. In this equation u0

b denotes the
background rms turbulence intensity and u0w denotes the wake centerline rms turbulence intensity.

In developing the original theory only an equivalent Gaussian profile contribution was taken
into account. This leads to excessively large spectral fall-off rates since the Gaussian tends to zero
away from the wake centerline instead of to the non-zero background intensity levels observed
behind the rotor.

As a result of the modified representation for intensity distribution, the new noise model now
includes three terms in Eq. (2) instead of a single term as in the original formulation of the theory.
In the new model, the background turbulence contribution (i.e., the term containing u02

b ) sets the
spectrally broad background levels while the wake turbulence contribution (i.e., the term
containing u02w ) contributes to the spectrum in the vicinity of the blade passing frequency
harmonics. The mixed term (i.e., the term containing u0

bu0w) provides the blending between the two.
In Eq. (2), ~f1 and ~f2 denote cross spectral densities of turbulence in the axial and tangential

directions with L1 and L2 the corresponding integral length scales. It has been assumed that the
integral length scale in the radial direction (i.e., Lr) is small compared with the stator span and
that the overall cross-spectral density function is a product of cross-spectral density functions in
the axial and tangential directions. NB and NV denote the blade and vane counts.

It should be pointed out that Eq. (1) was derived by assuming that the stator is an ensemble of
zero thickness flat plates in an infinite hard-wall annular duct containing a uniform axial mean
flow (see Appendix A). The parameters controlling the unsteady pressure distribution on the
stator are the absolute Mach number of the mean flow and stator vane chord, vane count and
stagger angle at each radius (i.e., strip). In particular, in this work, the vane cascade stagger angle
is defined as a weighted average of the airfoil section camber line angles at the leading and trailing
edges. The leading edge contribution is weighted more (90%) as compared to the trailing edge
contribution (10%) in recognition of the fact that the high-frequency unsteady pressure
distribution on the vane is concentrated near its leading edge.
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As was mentioned earlier, the turbulence input information for this work was obtained from
CFD simulations. The necessary input for the noise model includes the background and wake
centerline turbulence intensities (u0b and u0

w) as well as the turbulence integral length scales (L1;L2

and Lr). The intensities were obtained by extracting the intensity distribution from the RANS
solution via

u0RANS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
kRANS

q
; (4)

where kRANS is the computed local kinetic energy of turbulence. The form of Eq. (4) is a reflection
of the fact that the turbulence model used in the RANS calculations is isotropic. As shown in Fig.
3, a fit of the form given by Eq. (3) is in good agreement with the pitchwise distribution of u0RANS:
Note that the computed u0RANS from k–� model is set equal to wake turbulence u0w and the
background turbulence u0b is also extracted from the same solution. The fitted distribution is
assumed to apply to all rotor blade passages so that the pattern repeats around the annulus. Note
that this does not mean that the instantaneous turbulent fluctuations are the same for
corresponding points in passages, but only their statistics. The same argument applies to the
length scales also which are estimated from the computed RANS flow field solutions via

LRANS ¼ ck̄
3=2
RANS=�̄RANS; (5)

where k̄RANS and �̄RANS are the circumferentially averaged turbulence kinetic energy and
dissipation computed from the RANS solution. Defined in this manner, LRANS is the average size
of the largest energy containing eddy in the flow and the computed length (with the constant c set
to unity) compared well with the measured integral length scale.
Fig. 3. A representative turbulence intensity profile: dashed line denotes the CFD solution and the solid line the fit

using Eq. (3).



ARTICLE IN PRESS

M. Nallasamy, E. Envia / Journal of Sound and Vibration 282 (2005) 649–678 657
Three integral length scales are needed for the computation as indicated above. But we have
only one length scale computed from the current RANS calculations since the solution procedure
employs a k–� turbulence model. We associate this computed length scale LRANS with the
longitudinal integral length scale. From the experiments on the fan rotor wake flow at low Mach
numbers such as considered here, it is found that the tangential length scale is nearly equal to the
longitudinal length scale, and we set L1 equal to L2:

We assume that the wake turbulence is isotropic. Then, the transverse length scale is equal to
one-half of the longitudinal length scale. Thus, in the computations presented in this paper we
have set

L1 ¼ LRANS; L2 ¼ LRANS; Lr ¼ LRANS=2: (6)

Once the power spectrum for each duct mode is computed using Eq. (1), the expected value of
the acoustic power flux within the duct for that mode is computed as indicated below.

In a uniform duct flow with axial velocity U, the acoustic intensity is given by

I ¼ ð1þ M2Þpu þ
M

roco

p2 þ rocoMu2; (7)

where M ¼ U=co is the nominal axial flow Mach number, ro is the nominal fluid density and p, r;
and u are the instantaneous acoustic perturbation pressure, density, and axial velocity,
respectively. The instantaneous sound power is found by integrating the intensity over the cross
section of the duct.

The resulting expression for the power flux per mode, SmnðoÞ; is written as

SmnðoÞ ¼
pðr2t 
 r2HÞ

roU

�M2ð1
 M2Þ
2
ðo=UÞkmnðoÞ

½o=co � MkmnðoÞ
2

� �
pmnðoÞ; (8)

where kmn ¼ fðo=coÞ
2

 ð1
 MÞ

2k2
mn
g1=2 and the upper set of signs refer to energy flow upstream

of the stator (in the negative x-direction) and the lower set refers to the downstream propagation.
Then, the total sound flux is obtained by summing over all the modes m and n,

SðoÞ ¼
X

m

X
n

Smn ðoÞ: (9)

The variations (as a functions of radius) of the local Mach number, vane stagger angle, incident
turbulence intensity and integral length scales, and the effective width of the intensity profiles are
inputs for noise spectra computations. For each case considered in this work, this information was
extracted from the corresponding CFD solution. Thus, the three dimensional (3-D) acoustic
response of an annular cascade with a uniform flow for a prescribed incident rotor wake
turbulence is computed. Both upstream radiated (inlet) and downstream radiated (exhaust) noise
are computed in terms of acoustic power for each cut-on circumferential mode order, m and radial
mode order, n at each radial strip. The noise is summed over all the radial strips along the vane
span to obtain radiated acoustic power at each frequency.
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2.3. Measured noise spectra for comparisons

The acoustic measurements were made in the NASA Glenn 90 � 150 acoustic wind tunnel.
Fig. 4(a) shows the photograph of the model fan installed in the tunnel. Sideline acoustic data were
acquired with a computer controlled translating microphone probe indicated on the photograph
and also on the sketch (Fig. 4(b)). The translating microphone probe acquired data at 48 sideline
geometric angles from 27:2� to 134:6� relative to the fan rotor plane. The translating probe was at a
distance of 8900 (about four fan diameters) from the fan rotational axis. Also, there were three aft
microphones fixed to the tunnel floor (see Fig. 4(b)) to acquire acoustic data at geometric angles of
1401, 150�; and 1601. Data were also acquired with an acoustic barrier wall installed adjacent to the
fan (Fig. 4(c)) which effectively blocked noise radiated through the fan aft duct, thus measuring only
the fan inlet radiated noise. The fan exhaust noise is then obtained, subtracting the fan inlet noise
(Fig. 4(c)) from the total noise measured without an acoustic barrier (Fig. 4(b)).

To be able to separate the rotor–stator interaction noise from the total fan stage noise, data
were acquired for two configurations namely (1) the rotor+stator configuration of a regular fan
stage (Fig. 5(a)) and (2) the rotor alone configuration (Fig. 5(b)). For each of these configurations
data were acquired with and without the acoustic barrier wall (Fig. 4) as described above. Thus, it
is possible to separate the rotor–stator interaction noise alone, knowing the rotor alone noise.
And then, from the acoustic barrier wall measurements, the interaction noise radiated through the
fan inlet duct and that radiated through the fan exhaust duct are separated. The process of noise
separation in this manner is described below with examples of measured acoustic spectra.

Fig. 6(a) shows the measured spectrum of total (inlet plus exhaust) acoustic power for
rotor–stator combination from which the rotor-alone contribution is subtracted to get the OGV
power level. Fig. 6(b) shows the use of the measurements with the barrier wall (which blocks the
exhaust radiation reaching the inlet). Here again, rotor–stator combination and rotor-alone
spectra are available. This enables the separation of the OGV inlet noise spectrum. Subtracting
the inlet contribution from the inlet plus exhaust spectrum for OGV in Fig. 6(a), the exhaust
spectrum of OGV alone is obtained (see Fig. 6(c)). In practice, however, that proved problematic
for all but the approach condition, since at high fan tip speeds, the rotor-alone levels tend to be
higher than the stage (i.e., rotor plus stator) levels. Furthermore, since the current noise model
does not account for the swirl flow between the rotor and stator or the transmission loss effects
through the rotor, inlet noise predictions do not fully reflect the correct physics and as such are
not expected to result in good comparisons with the data.

Therefore, the data-theory comparisons for the fan inlet and the exhaust noise are made at the
approach speed only. However, predicted trends with the fan tip speed on the fan exhaust radiated
noise are presented and compared with the data. The effect vane count and vane sweep on
acoustic power are presented for the exhaust radiation at approach condition only and compared
with the measured spectra.
3. Results and discussion

For all nine cases the inlet and exhaust duct acoustic power levels were computed for
frequencies up to 50 kHz. This range corresponds approximately from 0.5BPF (blade passing
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Fig. 4. Noise source separation: inlet/exhaust noise separation: (a) photograph of the source diagnostic test model

installed in the NASA Glenn 9� 15 ft wind tunnel, (b) sketch showing the no-barrier measurement setup, (c) sketch

showing measurement setup with acoustic barrier.

M. Nallasamy, E. Envia / Journal of Sound and Vibration 282 (2005) 649–678 659



ARTICLE IN PRESS

Fig. 5. Noise source separation: rotor/stator noise separation: (a) rotor plus stator (noise) configuration, (b) rotor alone

(noise) configuration.

Fig. 6. Separation of measured inlet noise from exhaust noise and rotor noise from stator (OGV) noise. Frames (a)

through (c) show various stages of separation. Baseline stator: approach.

M. Nallasamy, E. Envia / Journal of Sound and Vibration 282 (2005) 649–678660
frequency) to 11BPF for takeoff, 0.5BPF to 13BPF for cutback, and 0.5BPF to 18BPF for
approach.

The spectral calculations were typically done at 0.5BPF increments, since the number of cut-on
modes that must be computed increases (see Section 3.5) so rapidly that smaller frequency
increments would have significantly increased the computational time. In the following figures for
data theory comparisons, the symbols denote the frequency points at which the spectral
calculations were actually performed and the lines through the symbols are curve fits to provide
an idea of the spectral shapes.
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It should be pointed out that, occasionally, the computed amplitude of the aerodynamic
response of one of the strips would be inordinately large due to local cascade resonance condition.
This, in turn, would lead to a ‘‘wild’’ point in the associated acoustic response. By slightly
adjusting the aerodynamic input parameters, the resonance point could be avoided. However, in
this paper the occasional wild point has been eliminated from the computed spectra. In a 3-D
response, such local resonance conditions would not occur.
3.1. Comparisons with the measured spectra

First, the data-theory comparison is presented in terms of the spectra of acoustic power at the
approach operating condition for all the stator configurations. Figs. 7–9 show the predicted and
measured spectra for the baseline 54 radial vanes, 26 radial vanes, and 26 swept vanes
configuration, respectively. In each case, the left figure shows the inlet noise spectra and the right
figure shows the exhaust noise spectra. Note that the measured spectra contain BPF tone
harmonics. While the BPF tone is cut-off (and absent) for the baseline case, it is cut-on (and
present) for the other two cases. The current predictions have only the broadband noise
component.

The predicted shape of the exhaust noise spectra in all three cases is in fairly good agreement
with the measured spectra including the high-frequency fall off (Figs. 7(b), 8(b), and 9(b)).
However, there is an under-prediction of levels which may arise from several factors. The main
one is the fact that the measurements may have contributions from additional noise sources while
the predictions account for only the rotor wake turbulence. Also, at high frequencies quadrupole
noise may contribute to the power levels, as discussed by Mani et al. [16], and may have to be
included in the prediction procedure to enhance the comparisons.

The computed inlet noise spectra (Figs. 7(a), 8(a), and 9(a)) do not account for rotor
transmission loss and the swirl flow between the rotor and stator. These factors contribute to the
Fig. 7. Comparison of computed and measured spectra for the baseline stator (54 radial vanes) at approach: (a) inlet,

(b) exhaust.
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Fig. 8. Comparison of computed and measured spectra for the low-count stator (26 radial vanes) at approach: (a) inlet,

(b) exhaust.

Fig. 9. Comparison of computed and measured spectra for the low-noise stator (26 swept vanes) at approach: (a) inlet,

(b) exhaust.
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large discrepancies observed (such as in Fig. 9(a)) between the measured and computed spectra. In
the sections below, comparisons are shown only for the fan exhaust noise.

3.2. Effect of fan tip speed on spectra of acoustic power

The variation of acoustic power with fan tip speed is shown for the 54 radial vane configuration
in Fig. 10. The predicted exhaust spectra of acoustic power for the three tip speeds of interest are
shown in Fig. 10(a) and the measured spectra for the same conditions are shown in Fig. 10(b). The
predicted spectra are seen to match the experimentally observed trend with the fan tip speed
except at low frequencies where the measurements may include additional noise sources other
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Fig. 10. Effect of fan tip speed on fan exhaust duct acoustic power spectrum for the baseline stator. (a) Computed

spectra: solid line, approach; dashed line, cutback; and dotted line, takeoff. (b) Measured spectra: solid line, approach;

dashed line, cutback; and long dashed line, takeoff.
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than rotor wake turbulence noise (see also Ref. [13]). However, it is to be noted that the inlet/
exhaust noise separation at higher speeds encountered problems as discussed in Section 2.3.

3.3. Variation of noise with vane count

As the vane count is reduced, the rotor-wake turbulence generated broadband noise is expected
to reduce substantially. The cut-on fan design is expected to produce less broadband noise than
the cut-off design to counteract the cut-on tone noise levels.

Fig. 11(a) shows computed exhaust power spectra for 54 radial vane and 26 radial vane
configurations at approach and the corresponding measured spectra are shown in Fig. 11(b). It is
seen that the experimentally observed noise reduction due to reduced vane count is clearly shown
in the predictions. The acoustic power for 26 radial vanes is substantially lower than for the 54
radial vanes configuration. The power is expected to vary as 10 logN2

V (see Ref. [10]) where NV is
the vane count. This should result in 6.3 dB, (20 LOG (54/26)), reduction in power levels for the
26-vane OGV compared with the 54-vane OGV. The predicted reduction in power due to the
reduction in vane number is higher than expected at high frequencies. At low frequencies
ðo3 kHzÞ; the experimental result is insensitive to the vane count. The noise levels computed for
the two configurations are not significantly different, probably because at low frequencies there
are additional noise sources present, which are not modeled in the present theory. A similar trend
with vane count was observed in Boeing broadband noise experiments on the effect of vane count
on noise spectra [14].

The reduction in acoustic power level due to a reduction in vane count was further explored to
understand the contributing factors, in an effort to explain the more than expected reduction in
acoustic power. An examination of inputs and computed power levels indicated a strong
dependence on the vane stagger angle. Fig. 12 shows the power levels of the exhaust approach
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Fig. 11. Effect of vane count on exhaust acoustic power spectrum at approach. (a) Computed spectra: solid line, 54

radial vanes; dashed line, 26 radial vanes. (b) Measured spectra: solid line, 54 radial vanes; long dashed line, 26 radial

vanes.

Fig. 12. Component contributions to 26-vane OGV power levels: solid line, 54-vane OGV; dashed line, 26-vane OGV;

dash–dotted line, 54-vane case with the stagger angle of 26-vane case; long-dashed line, dash–dotted line minus 6.3 dB

(20 log(54/26)).
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condition as in Fig. 11, for 54 and 26 radial vanes. The third curve (dash–dotted one) is the power
level obtained when the 54 radial vane stator stagger angle is replaced with that of 26 radial vane
configuration. A substantial reduction in acoustic power at high frequencies is clearly seen. Now,
if the 6.3 dB acoustic power reduction that would result from the vane count reduction from 54 to
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26, is subtracted from the third curve, the fourth curve (long-dashed one) results. It is seen that at
high frequencies, this curve and that for the 26 radial vane case (dashed one) are in close
agreement suggesting that at least at high frequencies, in addition to the reduction in vane count,
the stagger angle change contributes to the observed lower power level of the low vane count
stator fan considered in the present study. At low frequencies ðo3kHzÞ; while the experimental
result is insensitive to the vane count, the prediction shows an increase with reduction in vane
count. The reason for this switch in predicted power level variation at low frequencies is not clear.

3.4. Effect of vane sweep

Vane sweep has been found to result in substantial reduction in tone noise levels compared to
the radial vane configuration [17]. The current broadband noise predictions do not show any
decrease in acoustic power levels for the 26 swept geometry compared to the 26 vane radial (see
Fig. 13(a)). Woodward [13] found that at certain fan speeds the vane sweep reduces the
broadband noise by one to two decibels in addition to the reduction in tone noise. The measured
spectra for the approach exhaust radiation shown in Fig. 13(b) show a small reduction in noise
level in the low frequency range ðo10kHzÞ due to vane sweep. It should be emphasized here that
if BPF tone harmonics are removed from the measured spectra the reduction due to vane sweep
will be even smaller. In addition, Envia [18] showed that if all the shaft harmonics are removed,
the swept vane average broadband levels are very close to the radial vane levels.

3.5. Acoustic power as a function of mode order m

The variations of modal power as a function of circumferential mode order m were studied for
both the inlet and exhaust radiation. The modal power variation with m at the exhaust was
Fig. 13. Effect of vane sweep on exhaust acoustic power spectrum at approach. (a) Computed spectra: solid line, 26-

radial vanes; dashed line, 26-swept vanes. (b) Measured spectra: solid line, 26-radial vane; long dashed line, 26-swept

vanes.
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Fig. 14. Inlet acoustic power distribution as a function of spinning mode order (m) for the baseline stator at approach:

solid line, 3BPF; dashed line, 5BPF; dotted line, 7BPF.
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found to be similar to that at the inlet. Hence, the variation is illustrated here only for the inlet
radiation.

Fig. 14 shows the inlet acoustic power as function of circumferential mode m order
for frequencies from 3BPF, 5BPF and 7BPF. Note that the number of cut-on circum-
ferential mode orders (m) and the number of cut-on radial mode orders (n) in each
m-order increase linearly with frequency as shown in Fig. 15. Reverting to Fig. 14, the peak
acoustic power level, in general, reduces with increases in frequency. At frequencies higher than
5BPF, the fall off with increasing m order is higher for the positive m orders than for negative m
orders.
3.6. Cut-off ratio and acoustic power

Sometimes it is helpful to look at the acoustic power radiated as a function of cut-off ratio and
that is particularly done in design and tradeoff studies [19,20]. Fig. 16 shows the variation of
acoustic power as a function of cut-off ratio for inlet radiation at approach for two frequencies,
4BPF and 6BPF. The symbols denote different m orders and five n orders (n ¼ 0; . . . ; 4) are
included in the plot. Since no effect of flow swirl is included in the current model, the same
number of corotating and contrarotating modes are cut-on at each frequency. The acoustic power
decreases sharply as the cut-off ratio is increased and eventually reaches nearly a plateau beyond a
cut-off ratio of three for both frequencies.
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Fig. 15. Variation of the number of cut-on modes with frequency: circles, m orders; triangles, n orders. Baseline:

approach.

Fig. 16. Inlet acoustic power as a function of cut-off ratio for the baseline stator at approach.
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4. Concluding remarks

The rotor wake turbulence stator interaction broadband noise has been computed for
representative fan operating conditions for three fan stage configurations. The computations
employ the wake flow turbulence information from accurate computational fluid dynamic
solutions. The predicted noise spectra show the observed trends with fan tip speed and vane
count. The predicted acoustic power levels and shape of the spectra show reasonable agreement
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with the measured spectra for the exhaust noise at approach condition, where direct comparisons
are possible.
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Appendix A. Development of the broadband noise model

The stator broadband noise model used in this work is a blend of 2-D (strip) aerodynamics and
3-D (duct) acoustics. The unsteady response of the stator at each radius is calculated from an
unrolled representation of the stator and incident rotor turbulent flow. As a result, radial
gradients of the flow variables are ignored in the aerodynamic analysis and the dependence on the
radius enters only parametrically in the unsteady response calculations. The acoustic analysis is,
on the other hand, three-dimensional and allows for general classical duct mode representation of
the broadband noise field. The formalism outlined here is based on the theory developed by
Ventres et al. [10] and includes enhancements to allow for a more realistic description of the
turbulence downstream of the fan. The crucial steps in the development of the underlying theory
are shown below. However, important relations from Ref. [10] are often used as starting points in
the interest of brevity. These are noted when used.
A.1. Rotor wake upwash turbulence model

In this analysis the blades and vanes are assumed to be zero thickness twisted flat plates that are
lined up with the direction of the local mean flow at each radius. The unrolled geometry at an
arbitrary radial slice is shown in Fig. 17. Let wð~x; r; tÞ denote the fluctuating component of rotor
wake velocity normal to the stator chord (i.e., the upwash) and hwð~x; r1; tÞwnð~y; r2; tÞi; its
correlation function, both described in the stationary frame of reference. The wavenumber–
frequency spectrum of the upwash is the Fourier transform of its correlation function
given by

h ~wð~k; r1;oÞ ~wnð~K ; r2; nÞi ¼
Z Z Z Z Z Z

hwð~x; r1; tÞw
nð~y; r2; tÞie
i~k�~xþi~K�~yþiot
int d~xd~ydtdt;

(A.1)

where h.i denotes expected value. The description of the velocity correlation is more conveniently
expressed in the rotating frame. The transformation between the two frames is given by

~X ¼ ~x þ ~D þ ðOr1tÞê2; ~Y ¼ ~y þ ~D þ ðOr2tÞê2; (A.2)
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Fig. 17. Rotor–stator geometry definition.
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where ~D is the distance between the reference rotor blade and the reference stator vane, and O the
rotor rotational speed (see Fig. 17). Thus, in the rotating frame,

h ~wð~k; r1;oÞ ~wnð~K ; r2; nÞi ¼
Z Z Z Z Z Z

hwð~X ; r1; tÞw
nð~Y ; r2; tÞie
ið~K
~kÞ�~D

�e
i~k�~Xþi~K�~YþiðoþðOr1tÞk2Þt
iðnþðOr2tÞK2Þt d~X d~Y dtdt: ðA:3Þ

Assuming a frozen, stationary and isotropic model for turbulence, the correlation function can
be approximated as

hwð~X ; r1; tÞw
nð~Y ; r2; tÞi � hwð~X 
 ~Wt; r1Þw

nð~Y 
 ~Wt; r2Þi; (A.4)

where W ¼ Or̄ is the local wheel speed. Note that owing to the ‘frozen gust’ assumption, the
correlation depends on the ~X 
 ~Wt combination rather than ~X and t individually. Next, the
following form for the upwash velocity is assumed:

wð~X 
 ~Wt; rÞ ¼ Fð~X � n̂; rÞgð~X 
 ~Wt; rÞ; (A.5)

so that

hwð~X 
 ~Wt; r1Þw
nð~Y 
 ~Wt; r2Þi ¼ F ð~X � n̂; r̄ÞFnð~Y � n̂; r̄ÞFð~X 
 ~Y 
 ~W ðt 
 tÞ;DrÞ;

Fð~X 
 ~Y 
 ~W ðt 
 tÞ;DrÞ ¼ hgð~X 
 ~Wt; r1Þg
nð~Y 
 ~Wt; r2Þi; ðA:6Þ



ARTICLE IN PRESS

M. Nallasamy, E. Envia / Journal of Sound and Vibration 282 (2005) 649–678670
where n̂ is the normal to the stator chord and Dr ¼ r2 
 r1: In simplifying Eq. (A.6), it is further
assumed that the radial length scale of turbulence is small which means that the correlation is
nonzero only inside a small radial strip within which r1 and r2 can be approximated by their
average, r̄: Note that only in the arguments of the F functions, r1 and r2 are approximated by their
average. F basically represents the distribution of the rms turbulence intensity across the blade
pitch, while F denotes normalized correlation (i.e., Fð0; r̄Þ � 1). Both F and F are necessarily
periodic in the circumferential direction. This does not mean that the instantaneous random
velocity is the same within each passage, but rather that its statistics are the same. Representing F

by a Gaussian function, the periodicity requirement leads (via the Possion sum formula) to

F ð~X � n̂; r̄Þ ¼ u0
b þ

NBLwu0
w

2pr̄

X1
m¼
1

e

1
4p

mNBLw
r̄

� �2

e
imNB
r̄ cos w

~X �n̂b
� �

; (A.7)

where u0
b and u0w; respectively, are the background and wake (peak) rms turbulence intensities, NB

the rotor blade count, Lw the ‘width’ of the Gaussian function describing the wake turbulence
intensity distribution across the blade pitch and w the rotor blade angle. The periodicity of F is
denoted by

Fð~X ;DrÞ ¼
1

2pr̄

X1
s¼
1

fðX 1;DrÞeisX 2=r̄: (A.8)

In view of the change of variable,

~x ¼ ~X 
 ~Y 
 ~W ðt 
 tÞ: (A.9)

The time integrals in Eq. (A.3) can be carried out explicitly resulting in

h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi ¼ ð2pÞ2dðo
 ~k � ~W þ Or̄k2Þdðn
 ~k � ~W þ Or̄K2Þe

ið~K
~kÞ�~D

�

Z Z Z Z
F ðð~xþ ~Y Þ � n̂; r̄ÞFnð~Y � n̂; r̄Þ

�Fð~x;DrÞe
i~k�~xþið~K
~kÞ�~Y d~xd~Y : ðA:10Þ

Noting that ~U ¼ ~W 
 ðOr̄Þê2 and substituting in the last equation for F and F from Eqs. (A.7)
and (A.8), one obtains

h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi ¼ dðo
 ~k � ~UÞdðn
 ~k � ~U þ Or̄ðK2 
 k2ÞÞe

ið~K
~kÞ�~DðC1 þC2 þC3Þ;

C1 ¼
ðNBLwu0

wÞ
2

2pr̄3

X1
m¼
1

X1
‘¼
1

X1
s¼
1

e

1
4p

mNBLw
r̄

� �2

e

1
4p

‘NBLw
r̄

� �2

�

Z Z Z Z
e

imNB
r̄ cos wð

~xþ~Y Þ�n̂
� �

e

i‘NB
r̄ cos w

~Y �n̂
� �

fð~x;DrÞeisx2=r̄e
i~k�~xþið~K
~kÞ�~Y d~xd~Y ;
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C2 ¼
ðNBLwu0bu0

wÞ

r̄2

X1
m¼
1

X1
s¼
1

e

1
4p

mNBLw
r̄

� �2

�

Z Z Z Z
e

imNB
r̄ cos w

~xþ~Yð Þ�n̂
� �

þ e

imNB
r̄ cos w

~Y �n̂
� �� �

fð~x;DrÞeisx2=r̄e
i~k�~xþið~K
~kÞ�~Y d~xd~Y ;

C3 ¼
2pu02

b

r̄

X1
s¼
1

Z Z Z Z
fð~x;DrÞeisx2=r̄e
i~k�~xþið~K
~kÞ�~Y d~xd~Y : (A.11)

It should be noted that in Ref. [10], only the C1 term is considered since the background
turbulence is not considered separately.

Carrying out the remaining four integrals yields

h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi ¼ h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
wake turbulence auto-correlation

þ h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
wake=background turbulence cross-correlation

þ h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi3|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
background turbulence auto-correlation

;

h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi1 ¼
ð2pÞ2ðNBLwu0wÞ

2

r̄3
dðo
 ~k � ~UÞ

�
X1

m¼
1

X1
‘¼
1

X1
s¼
1

e

1
4p

mNBLw
r̄

� �2

e

1
4p

‘NBLw
r̄

� �2

�ei
ðm
‘ÞNB

r̄ cos w

� �
~D�n̂ ~f ~k 


mNB

r̄ cos w
n1;Dr

� �
d ð~K 
 ~kÞ þ

ðm 
 ‘ÞNB

r̄ cos w
n̂

� �

�d k2 

ðmNB þ sÞ

r̄

� �
dðn
 o
 Oðm 
 ‘ÞNBÞ;

h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi2 ¼
ð2pÞ3NBLwu0bu0w

r̄2
dðo
 ~k � ~UÞ

X1
m¼
1

X1
s¼
1

e

1
4p

mNBLw
r̄

� �2

� ei
mNB
r̄ cos w

� �
~D�n̂ ~f ~k 


mNB

r̄ cos w
n1;Dr

� �
d ð~K 
 ~kÞ þ

mNB

r̄ cos w
n̂

� ��

�d k2 

ðmNB þ sÞ

r̄

� �
þ e
i

mNB
r̄ cos w

� �
~D�n̂ ~fð~k; r̄Þ

�d ð~K 
 ~kÞ 

mNB

r̄ cos w
n̂

� �
d k2 


s

r̄

� ��
dðn
 o
 OmNBÞ;
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h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi3 ¼
ð2pÞ4 u02

b

r̄
dðo
 ~k � ~UÞ

�
X1

s¼
1

~fð~k;DrÞdð~K 
 ~kÞd k2 

s

r̄

� �
dðn
 oÞ; ðA:12Þ

where ~f is the Fourier transform of f: In deriving these equations use is made of the restrictions
imposed by the argument of the vector Dirac delta functions to make further substitutions.

A.2. Duct mode rms pressure spectrum

The ensemble-averaged spectrum of the ðm; nÞth duct mode is given in Ref. [10] as

h ~pmnðoÞ ~p
n

mnðnÞi ¼
1

4G2kmnðoÞkmnðnÞ

�

Z rT

rH

Z rT

rH

Z b


b

Z b


b

Rðr1;oÞRðr2; nÞeimðr1;oÞz1e
imðr2;nÞz2

�
XNV
1

j¼0

e2ipmj=NV

XNV
1

‘¼0

e
2ipm‘=NV hD ~pjðr1; z1;oÞD ~pn

‘ ðr2; z2; nÞi

( )

�dz2 dz1 dr2 dr1; ðA:13Þ

where R and m are given by

Rðr;oÞ ¼
m

r
cos aþ gmnðoÞ sin a

� �
cmðkmnrÞ;

mðr;oÞ ¼ 

m

r
sin aþ gmnðoÞ cos a; ðA:14Þ

and where cm the duct mode, a is the vane stagger angle, kmn is the mode eigenvalue and
G ¼ pðr2T 
 r2HÞ: Here, gmn and kmn denote, respectively, the axial wavenumber of the duct mode
with and without the convective correction. The expression hD ~pjðz1; r1;oÞD ~pn

‘ ðz2; r2; nÞi is the
expected value of the surface pressure spectrum on a single vane which is given by [10]

hD ~pjðz1; r1;oÞD ~pn

‘ ðz2; r2; nÞi ¼
1

ð2pÞ4
ðr0UÞ

2

Z Z Z Z
}ð~k; z1; r1;oÞ}nð~K ; z2; r2; nÞ

�h ~wð~k; r1;oÞ ~wnð~K ; r2; nÞieij
~k:~he
i‘ ~K :~h d~k d~K ; ðA:15Þ

where }ð~k; z; r;oÞ denotes the chordwise pressure distribution due to unit upwash on the
wavenumber–frequency basis. The sum of contributions from all vanes, i.e., the quantity in the
curly brackets in Eq. (A.13), can be written as

I ¼
XNV
1

j¼0

e2ipmj=NV

XNV
1

‘¼0

e
2ipm‘=NV hD ~pjðz1; r1;oÞD ~pn

‘ ðz2; r2; nÞi

( )
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¼
1

ð2pÞ4
ðr0UÞ

2

Z Z Z Z
}ð~k; z1; r1;oÞ}nð~K ; z2; r2; nÞ

�
XNV
1

j¼0

eijð2pm=NVþ
~k:~hÞ

XNV
1

‘¼0

e
i‘ð2pm=NVþ~K :~hÞ

�h ~wð~k; r1;oÞ ~wnð~K ; r2; nÞid~k d~K : ðA:16Þ

Once again restricting the analysis to small radial integral scales, each of the ðr1; r2Þ pairs can be
replaced with their average value, r̄; in Eqs. (A.16) and (A.12) can be used to substitute for
h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi: In evaluating the resulting integrals, use is made of the restrictions imposed
by the arguments of the various Dirac delta functions in Eq. (A.12) which, in particular, yield

k2 ¼
ðm1NB þ sÞ

r̄
; K2 ¼

ð‘1NB þ sÞ

r̄
for h.i1;

k2;K2 ¼
ðm1NB þ sÞ

r̄
; K2; k2 ¼

s

r̄
for h.i2;

k2 ¼
s

r̄
; K2 ¼

s

r̄
for h.i3: ðA:17Þ

Furthermore, these relations imply

~k � ~h ¼ k2h ¼
2pðm1NB þ sÞ

NV

; ~K � ~h ¼ K2h ¼
2pð‘1NB þ sÞ

NV

;

XNV
1

j¼0

eijð2pm=NVþ
~k:~hÞ ¼

NV if m þ s þ m1NB ¼ p1NV

0 otherwise

�
for h.i1;

XNV
1

‘¼0

e
i‘ð2pm=NVþ~K :~hÞ ¼
NV if m þ s þ ‘1NB ¼ q1NV ;

0 otherwise;

�

~k � ~h ¼ k2h ¼
2pðm1NB þ sÞ

NV

; ~K � ~h ¼ K2h ¼
2ps

NV

;

XNV
1

j¼0

eijð2pm=NVþ~k:~hÞ ¼
NV if m þ s þ m1NB ¼ p1NV

0 otherwise

�
for h.i2;

XNV
1

‘¼0

e
i‘ð2pm=NVþ~K :~hÞ ¼
NV if m þ s ¼ q1NV ;

0 otherwise;

�

~k � ~h ¼ k2h ¼
2ps

NV

; ~K � ~h ¼ K2h ¼
2ps

NV

;
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XNV
1

j¼0

eijð2pm=NVþ~k:~hÞ ¼
NV if m þ s ¼ p1NV

0 otherwise

�
for h.i3;

XNV
1

‘¼0

e
i‘ð2pm=NVþ~K :~hÞ ¼
NV if m þ s ¼ q1NV ;

0 otherwise:

�
(A.18)

Consider the first element of Eq. (A.18). It implies the relation ðm1 
 ‘1ÞNB ¼ ðp1 
 q1ÞNV : For
arbitrary choices of integers m1 and ‘1; there can only be integer solutions to this relationship if
ðp1 
 q1Þ ¼ jB which in turn implies ðm1 
 ‘1Þ ¼ jNV : Setting ‘1 ¼ m1 
 jNV ; yields s ¼ q1NV 


m1NB þ jNBNV 
 m: The summations over the indices s and ‘1 can therefore be replaced by the
summations over the indices pair j and q1: Similar arguments for the remaining two elements lead
to similar conclusions. With this change of indices, the substitution of h ~wð~k; r̄;oÞ ~wnð~K ; r̄; nÞi from
Eq. (A.12) in Eq. (A.16) yields

I1 ¼
ðr0UNV Þ

2
ðNBLwu0

wÞ
2

ð2pÞ2r̄3

X1
m1¼
1

X1
q1¼
1

X1
j¼
1

e

1
4p

m1NBLw
r̄

� �2

�e

1
4p

ðm1
jNV ÞNBLw
r̄

� �2

ei
jNBNV

r̄ cos w

� �
~D�n̂

�

Z Z Z Z
}ð~k; z1; r̄;oÞ}nð~K ; z2; r̄; nÞdðo
 ~k � ~UÞ

� ~f ~k 

mNB

r̄ cos w
n̂;Dr

� �
d ð~K 
 ~kÞ þ

jNBNV

r̄ cos w
n̂

� �

�d k2 

ðq1NV þ jNBNV 
 mÞ

r̄

� �
�dðn
 o
 jNBNVOÞd~k d~K ;

I2 ¼
ðr0UNV Þ

2NBLwu0bu0w
2pr̄2

X1
m1¼
1

X1
q1¼
1

e

1
4p

m1NBLw
r̄

� �2

�

Z Z Z Z
}ð~k; z1; r̄;oÞ}nð~K ; z2; r̄; nÞdðo
 ~k � ~UÞdðn
 o
 m1NBOÞ

� ei
m1NV
r̄ cos w

� �
~D�n̂ ~f ~k 


mNB

r̄ cos w
n̂;Dr

� �
d ð~K 
 ~kÞ þ

m1NB

r̄ cos w
n̂

� ��

�d k2 

q1NV þ m1NB 
 m

r̄

� �
þ e
i

m1NV
r̄ cos w

� �
~D�n̂ ~fð~k;DrÞ

�d ð~K 
 ~kÞ 

m1NB

r̄ cos w
n̂

� �
d k2 


q1NV 
 m

r̄

� ��
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I3 ¼
ðr0UNV Þ

2u02b
r̄

X1
q1¼
1

Z Z Z Z
}ð~k; z1; r̄;oÞ}nð~K ; z2; r̄; nÞdðo
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� ~fð~k;DrÞdð~K 
 ~kÞd k2 

q1NV 
 m

r̄

� �
dðn
 oÞd~k d~K : ðA:19Þ

The sums over the index j in I1 and over the index m1 in I2 represents fluctuating power terms
that would integrate to zero when averaged. Therefore, one only need consider j;m1 ¼ 0 terms.
Integrating the resulting expression over the wavenumbers ~k and ~K yields

I1 ¼
ðr0UNV Þ

2
ðNBLwu0
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2
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�}ð~k; z1; r̄;oÞ}nð~k; z2; r̄; nÞ ~f ~k 

mNB

r̄ cos w
n̂;Dr

� �
þ ~fð~k;DrÞ

� �
;

I3 ¼
ðr0UNV Þ

2u02
b

r̄
dðn
 oÞ

X1
q1¼
1

}ð~k; z1; r̄;oÞ}nð~k; z2; r̄; nÞ ~fð~k;DrÞ; (A.20)

where now ~k denotes a vector with components k1 ¼ o=U1 
 k2U2=U1 and k2 ¼ ðq1NV 
 mÞ=r̄:
Ignoring steady loading effects, the vane unsteady pressure distribution }ð~k; z; r̄;oÞ can be
approximated by its chordwise contribution }ðkz; z; r̄;oÞ if the vanes are assumed to be aligned
with the direction of the local mean flow velocity ~U : Under this approximation }ðkz; z; r̄;oÞ is
independent of indices of the various sums and thus can be moved out from under the double
summation sign. The result is

I ¼ I1 þ I2 þ I3 ¼ ðr0UNV Þ
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)
: ðA:21Þ
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The per mode spectrum is thus reduced to

h ~pðoÞ ~pnðnÞi ¼
1

4G2kmnðoÞkmnðnÞ

Z rT

rH

Z rT

rH

fIgcmðkmnr̄Þjocmðkmnr̄Þjn

�b2 m

r̄
cos aþ gmnðoÞ sin a

� � m

r̄
cos aþ gmnðnÞ sin a

� �
�Cmnðr̄;oÞCn

mnðr̄; nÞdðDrÞdr̄; ðA:22Þ

where

Cmnðr̄;oÞ ¼
1

b

Z b


b

}ðr̄; z; kz;oÞeimðr̄;oÞz dz;

and where the approximation dr1 dr2 � dðDrÞdr̄ is used in view of the smallness of the radial
integral length scales. Note that the chordwise variations of the unsteady pressure on the vane is
taken into account via the chordwise integral Cmnðr̄;oÞ: It remains to model ~f in Eq. (A.21) so as
to complete the calculation of the expected mode spectrum.

In order to make the problem tractable, a multiplicative structure for the correlation function f
is assumed with corresponding integral length scales in the three principal directions. Thus

fð~x;DrÞ ¼ f1ðx1=L1Þf2ðx2=L2ÞfrðDr=LrÞ; (A.23)

where the length scale in each direction is defined as L ¼
R
fðxÞdx: Indices 1 and 2 from now on

refer to directions along and normal to the vane chord. The integral lengths scales L1;L2 and Lr

can be obtained from suitable turbulence data (or from numerical solutions as in the present
paper). For the purposes of this work a Gaussian form is assumed for each of the correlation
functions f1;f2 and fr: Taking the Fourier transform of Eq. (A.23) yields

~fð~l;DrÞ ¼ L1L2
~f1ðl1L1Þ

~f2ðl2L2ÞfrðDr=LrÞ: (A.24)

For ~fð~k 
 ðmNB=r̄ cos wÞn̂;DrÞ; which is associated with the wake turbulence, the components of
the ‘wavenumber’ ~l are given by

lðwÞ
1

¼
oþ m1NBO

U1



U2

U1

q1NV 
 m1NB 
 m

r̄

� �
�

oþ m1NBO
U1

;

lðwÞ
2

¼
q1NV 
 m1NB 
 m

r̄
; ðA:25Þ

where, consistent with flat plate cascade response model used in this work, the transverse
component of the mean flow, i.e., U2; has been neglected. The components of~l for ~fð~k;DrÞ; which
is associated with the background turbulence, are given by

lðbÞ
1

¼
o
 q1NV þ m

U1
; lðbÞ

2
¼

q1NV 
 m

r̄
: (A.26)



ARTICLE IN PRESS

M. Nallasamy, E. Envia / Journal of Sound and Vibration 282 (2005) 649–678 677
Substituting for I in Eq. (A.22) and carrying out the integration over Dr yields
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ðA:27Þ

In theory, the integral length scales for the background and wake turbulence can be different, but
for the purposes of this work they are taken to be the same:
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Finally, integrating h ~pðoÞ ~pnðnÞi over o and n gives the rms mode pressure level for the ðm; nÞth.
The end result is

hpmnpn
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1
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where f� � �g denotes the expression inside the curly bracket in Eq. (A.28). The per frequency
contribution is therefore given by

hpmnðoÞp
n
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1
2r0NV

� �2 1
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f� � �gdr̄: ðA:30Þ
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